In this paper, we study the interaction between a Λ-type three-level atom and two quantized electromagnetic fields which are simultaneously injected in a bichromatic cavity surrounded by a Kerr medium in the presence of the field-field interaction (parametric down conversion) and detuning parameters. By applying a canonical transformation, the introduced model is reduced to a well-known form of the generalized Jaynes-Cummings model. Under particular initial conditions which may be prepared for the atom and the field, the time evolution of state vector of the entire system is analytically evaluated. Then, the dynamics of atom is studied through the evolution of the atomic population inversion. In addition, two different measures of entanglement between the tripartite system (three entities make the system: two field modes and one atom) i.e., von Neumann and linear entropy are investigated. Also, two kinds of entropic uncertainty relations, from which entropy squeezing can be obtained, are discussed. In each case, the influences of the detuning parameters and Kerr medium on the above nonclassicality features are analyzed via numerical results, in detail. It is illustrated that the amount of the above-mentioned physical phenomena can be tuned by choosing the evolved parameters, appropriately.
Introductory remarks
Entanglement, a purely quantum measure of correlation with no classical counterpart, is considered to be the most important resource in the quantum information science such as quantum computation and communication [1] , quantum dense coding [2] , quantum teleportation [3] , entanglement swapping [4] , sensitive measurements [5] , and quantum telecloning [6] . However, there exist other nonclassical correlations (apart from the entanglement) that have attracted a lot of attention in this field of research. Quantum discord, exhibiting the basic aspect of classical bipartite states which has been first introduced by Ollivier and Zurek [7] , is a criterion, for instance, to characterize all nonclassical correlations that has been used by the authors [8] . Anyway, the quantum entanglement is a vital fundamental concept in quantum information processing and plays a key role within new information technologies [9] . Of course, it has been shown that entanglement (of a two-qubit system) may decrease abruptly (and also non-smoothly) and tends asymptotically to zero in a finite time. This phenomenon, which is a result of the presence of quantum/classical noise, is called entanglement sudden death (ESD) [10] . Both theoretical and experimental verifications of ESD have been recently reported the in the literature [11] . It is also valuable to mention that contrary to the occurrence of ESD, entanglement sudden birth can be suddenly appeared [12] . Altogether, manipulating and generating the entangled states have attracted great attention. In particular, the appearance of entanglement in the interaction between light and matter in cavity quantum electrodynamics (QED), as a simple way to produce the entangled states, is of special interest. In this respect, the atom-field entangled states have been experimentally generated through interacting a single atom with a mesoscopic field in a high-Q microwave cavity [13] . As is well-know, the Jaynes-Cummings model (JCM) is a fully quantum mechanical and an exact model describing the atom-field interaction [14] . This model gives a pattern to solve the interaction between a single-mode quantized electromagnetic field and a two-level atom in the rotating wave approximation (RWA). Based on the JCM and its generalizations, it is shown that the atom-field interaction naturally leads to the quantum entangled state. Various generalizations for the modification of the JCM, by using the multi-level atoms, multi-mode fields and multi-photon transitions and so on have been proposed in the literature throughout the recent five decades. For instance, a general formalism for a Λ-type three-level atom interacting with a correlated two-mode field has been presented in [15] . A general three-level atom interacting with a bimodal cavity field has been carried out in [16] . The interaction between an effective two-level atom and a three-mode field (namely finite dimensional trio-coherent state), has been studied in [17] . The case of two two-level atoms interacting with two photons of the field in the presence of degenerate parametric amplifier has been examined in [18] . A model for the interaction of a three-level atom in the Λ-and V -configuration with a two-mode field under a multi-photon process has been presented in [19, 20] . The interaction between a Λ-type threelevel atom and a single-mode field in a cavity including Kerr medium with intensity-dependent coupling in the presence of the detuning parameters has been studied by us [21] . More recently, the nonlinear interaction between a three-level atom (in the Λ-configuration) and a two-mode cavity field in the presence of a Kerr medium and its deformed counterpart [22] has been investigated in [23, 24] . In addition, a model for a moving three-level atom interacting with a single-mode quantized field with intensity-dependent coupling has been proposed in [25] . In all above-mentioned studies which are only a few of the papers concerning with the JCM and its extensions, in particular, the entanglement via von Neumann entropy (as well as some of the other nonclassicality features) is calculated and discussed. In another perspective of this field of research and in direct relation to the present work, one may consider two coupled quantized fields jointly enter within a high-Q two-mode bichromatic cavity, as is considered in [26, 27] . In this way, the atom can interact with each field individually as well as both fields. This is indeed, the main feature of these works which makes them distinguishable from previous published papers in this field. In detail, quantum von Neumann entropy and the phase distribution function for the interaction between a two-level atom and two coupled fields simultaneously injecting in the cavity have been examined in [26] , in which there exists the field-field interaction in the non-degenerate parametric amplifier form. Also, entanglement dynamics (measured by concurrence) and coherence loss (via calculating the linear entropy) of a tripartite system containing a two-level atom and two cavity modes in the presence of Kerr medium have been discussed in [27] . In this latter attempt, as a result of the field-field interaction, parametric down conversion has been included. Anyway, in this paper, we intend to outline the interaction between a three-level atom (which is assumed to be in the Λ-configuration) with two coupled quantized fields injected simultaneously in a bichromatic cavity within a centrosymmetric nonlinear (Kerr) medium in the presence of detuning parameters. In addition, considering the field-field interaction, parametric down conversion is properly taken into account. After considering all existing interactions appropriately in the Hamiltonian model of the entire atom-field system, it is found that, we have to apply a particular canonical transformation to reduce our complicated model to a form that can be solved analytically, based on our previous experiences on the generalized JCM [21, 23, 24] . Consequently, the explicit form of the state vector of the whole system is exactly obtained by using the time-dependent Schrödinger equation. So, briefly, the main goal of this paper is to investigate individually and simultaneously the effects of Kerr medium (containing self-and cross-action) and detuning parameters on the entanglement dynamics and some of the well-known nonclassicality features. To achieve this purpose, the time evolution of atomic population inversion is examined. Also, the amount of the DEM between subsystems (the three-level atom and the two cavity fields) by using the von Neumann entropy and the coherence loss by applying the idempotency defect are studied. In addition, number-phase and position-momentum entropic squeezing are numerically investigated, in detail. More clarifying our motivations of this paper, it is valuable to give a few words on the notability of the considered physical (nonclassical) criteria, particularly entanglement and phase properties. Even though, the importance of quantum entanglement has been previously mentioned, it is instructive to point out about the entangled state due to the fields which may be utilized as an input data for new researches/observation such as in the field of quantum computation. It is shown that two electromagnetic field modes of a cavity can be applied as a universal quantum logic gate [28] . In addition, it is recently reported that entangled state can be used in quantum metrology [29] and in the violation of Bell's inequalities [30] . Also, regarding the numberphase entropic uncertainty relation, it should be mentioned that, studying the quantum phase properties leads to investigating the variation of the phase relation between the photons of the field. Moreover, it is demonstrated that for the single-mode JCM the evolution of the phase variance, as well as the phase distribution can carry certain information on the collapse-revival phenomenon of the corresponding atomic inversion [31] . Anyway, the remainder of paper is organized as follows: In the next section, the state vector of the whole system is obtained. In section 3, in order to study the atomic dynamics, the atomic population inversion is investigated. Considering the von Neumann and linear entropies, sections 4 deals with two different regimes of entanglement. Then, based on the two kinds of entropic uncertainty relations, entropy squeezing is examined in section 5. Finally, section 6 contains a summary and concluding remarks.
From the standpoint of quantum mechanics, possible information during the study of any physical system is hidden in the wave function of the quantum system. This is obtained when an exact view on the existing interactions between subsystems is achieved. This section is allocated to study a three-level atom interacting simultaneously with two coupled fields in a cavity involving Kerr medium with detuning parameters. So, let us consider a model in which two quantized electromagnetic fields oscillating with frequencies Ω 1 and Ω 2 interact simultaneously with a three-level Λ-type atomic system in the optical cavity which is enclosed by the Kerr medium. Also, considering the centrosymmetric nonlinear medium, self-and crossaction of the Kerr medium may be taken into account. In addition, in order to take into account the field-field interaction, parametric down conversion is properly included. It should be noted that, in the considered atomic configuration which the levels of the atom are indicated by |j with energies ω j , j = 1, 2, 3 (see figure ? ?), the allowed transitions are |1 → |2 and |1 → |3 whereas the transition |2 → |3 is forbidden in the electric-dipole approximation [32] . Anyway, the Hamiltonian comprising all existing interactions which describe the dynamics of the considered quantum system in the RWA can be written as ( = c = 1):
where the atomic and field parts of the Hamiltonian are given bŷ
and the atom-field interaction reads aŝ
Hereσ ij = |i j|(i, j = 1, 2, 3), is the atomic ladder operator between the levels |i and |j andâ j (â † j ) is the bosonic annihilation (creation) operator of the field mode j. The constants g
determine the strength of the atom-field couplings for the mode j, and g 12 denotes the field-field coupling constant. In addition, χ j , j = 1, 2, and χ 12 are referred to the cubic susceptibility of the medium; χ j represents the Kerr self-action for mode j, while χ 12 is related to the Kerr cross-action process. Now, in order to analyze the dynamics of the considered quantum system described by the Hamiltonian in equation (1), we utilize the probability amplitudes method [32, 21, 23] . But, before using this approach, in order to simplify the complicated system by reducing the Hamiltonian introduced in relations (1)- (3) to the typical form of the JCM, we introduce the following canonical transformationŝ
In these relations,
, have the same meaning of the operatorsâ i (â † i ) while θ is the rotation angle which will be specified later. It is worthwhile to notice that under the above transformations, the sum of the photon number of the field remains invariant, i.e.,â †
Inserting the above transformations into the whole Hamiltonian in equation (1) leads us to the following HamiltonianĤ
Paying attention to the latter relation implies the fact that, the canonical transformations in equation (4) preserve the invariance of the Kerr nonlinearities so long as the relation χ 1 = χ 2 = χ = χ 12 /2 is satisfied. Meanwhile, we have also defined
,
in which the rotation angle θ is still unknown and must be determined. For this purpose, the evanescent wave terms from the Hamiltonian related to the field and field-field interaction should be avoided. Therefore, one may set the particular choice of angle θ as
With the above selection of θ, the field-field coupling parameter g 12 will then be in the form
where we have set g
1 /g
2 . Looking deeply at the relations (6) and (7) and comparing them with equations (1)- (3) indicates clearly that the considered canonical transformations simplify the interaction Hamiltonian by removing the field-field interaction. In this way, our presented model is reduced to a usual form of the JCM. Anyway, for next purpose, it is convenient to rewrite the Hamiltonian (5) in the interaction picture. Accordingly one may arrive at
with
where, for simplicity, we have set g
1 = g. Let us consider the wave function |ψ(t) corresponding to the whole system at any time t to be in the form
where q n 1 and q n 2 are the probability amplitudes of the initial state of the radiation field of the cavity. Besides, A, B and C are the atomic probability amplitudes which have to be determined. Considering the probability amplitudes technique, and after some lengthy but straightforward manipulations, the probability amplitudes A, B and C (specifying the explicit form of the wave function of whole system) are given by
where
Also, in the above relations we have defined
Finally, the coefficients Υ m can be obtained by determining the initial conditions for the probability amplitudes. By adopting the atom initially in the excited state, i.e. A(0) = 1, B(0) = 0 = C(0), one arrives at
where ϑ mk = ϑ m − ϑ k . Hence, the exact form of the wave function |ψ(t) introduced in (13) is explicitly derived.
It is now necessary to emphasize the fact that investigating the nonclassicality features can be perform by considering arbitrary amplitudes of the initial states of the field such as number, phase, coherent or squeezed state. However, since the coherent state (the laser field far above the threshold condition [32] ) is more accessible than other typical field states, we shall consider the fields to be initially in the coherent state
in which |α i | 2 , i = 1, 2, display the mean photon number (intensity of light) of mode i. Now, we are able to study the nonclassicality criteria of the state vector of the considered atomfield system, in which the appearance of the nonclassicality behaviour implies the fact that the state of the system is 'nonclassical' with no classical analogue. We would like to end this section by emphasizing on the significance of the nonclassical states in which they have recently received considerable attention in various fields of research, such as quantum optics, quantum cryptography and quantum communication [33] .
Atomic population inversion
We are now in a position to analyze the atomic dynamics, specially the time evolution of an important quantity, namely the atomic population inversion. Along studying the time evolution of this quantity, we discuss the collapse and revival phenomenon, as a consequence of quantum interference in phase space, which is originated in the discreteness nature of the photon number distribution of the initial field [32] . It should be mentioned that the realization of this phenomenon has been experimentally reported in the literature [34] . For the present model which contains a 'three-level' Λ-type system, the atomic inversion is introduced as the difference between the excited state (level |1 ) and the sum of two lower states (levels |2 and |3 ) probabilities. Consequently, this may be defined as follows [16, 35] :
in which the matrix elements of atomic density operator are generally given by Figure ? ? shows the evolution of the atomic population inversion against the scaled time τ = gt for initial mean number of photons fixed at |α 1 | 2 = 10 = |α 2 | 2 . The left (right) plots of this figure correspond to γ = 1 (γ = 2) where γ denotes the ratio of atom-field couplings. In figure ??(a) , the exact resonant case is assumed (∆ 2 = ∆ 3 = 0) whereas the Kerr medium is absent (χ = 0). Figure ? ?(b) is plotted to indicate the effect of detuning parameters (∆ 2 /g = 7, ∆ 3 /g = 15), while figure ??(c) concentrates on the effect of Kerr medium (χ/g = 0.4). The effect of detuning parameters together with the Kerr nonlinearities is depicted in figure ??(d) . In detail, it is seen from both plots of figure ? ?(a) that, the atomic inversion oscillates between some minimum and maximum values. Also, the typical collapse and revival, as the pure quantum mechanical phenomenon, can be observed. The temporal behaviour of population inversion is changed when the effect of detuning parameters is regarded ( figure ??(b) ), in which this quantity periodically varies between the negative and positive values (the atomic inversion is observed, but not complete). Looking at the left plot of figure ? ?(c) indicates that the atomic inversion varies in the negative region near its minimum value at all times. While from the right one, it is observed that the amount of this quantity moves toward the positive region as time elapses. Figure ? ?(d) which studies simultaneously the effects of detuning and Kerr medium shows that the population inversion gets negative values close to its minimum value at all times. Finally, it is found that, in the presence of the detuning parameters, periodic behaviour together with the maximally inversion is clearly observed. Also, this quantity gets negative values at all times when the Kerr medium is entered. In addition, changing the ratio of atom-field couplings has no effective role on revealing the population inversion. At last, in the absence of all nonlinear couplers, the typical collapse and revival exhibition as a nonclassical phenomenon can be observed.
Quantum entanglement
In this section, we are going to survey the entanglement phenomenon using von Neumann entropy as a measure of the DEM and linear entropy which sometimes known as idempotency defect from which the coherence loss (the degree of mixture of the state) can be investigated.
Von Neumann entropy and DEM
Quantum correlation between spatially separated objects of a system leads to an intriguing feature known as entanglement. To establish the significance of this quantity, it is enough to state that many interesting applications of quantum computation and quantum information are concluded from the concept of entanglement. Also, this is one of the main parts for the execution of quantum information processing devices [36] . Before proceeding, it is instructive to clarify the concept of entangled and unentangled states. A pure state of bipartite quantum system (two-particle or two-part system) is separable (unentangled) if and only if the reduced density operators represent pure states. Since entanglement means as the absence of separability, a pure state is entangled if and only if the reduced density operators for the subsystems describe mixed states [37] , that is, quantum state cannot be described by a direct product of the quantum states of the subsystems. In order to understand the DEM for the pure state of the considered system (atom and field), the reduced quantum entropy or von Neumann entropy satisfying the general conditions consist of Schmidt decomposition, local invariance, continuity and additivity, is a good measure of entanglement [38] . Entropy forms the core of classical information theory (Shannon's entropy) and quantum information theory (von Neumann's entropy) which measures how much uncertainty exists in the state of a physical system. The entropy of the field is a criterion which displays the strength of entanglement; higher (lower) entropy means the greater (smaller) DEM. Before obtaining the DEM based on von Neumann reduced entropy, recalling the important theorem of Araki and Leib [39] is of special importance. According to this theorem, for any two-component quantum system (here, atom and field), the entropies should satisfy the following triangle inequality
where the subscripts 'A' and 'F' refer to the atom and the field, respectively and S AF denotes the total entropy of the atom-field system. This theorem implies that, if at the initial time, the field and the atom are in pure states, the total entropy of the system is zero and remains constant. As a result, if the system is initially prepared in a pure state, at any time t > 0, the entropy of the field is equal to the atomic entropy [40] . Therefore, both atomic and field entropies are suitable measures of the entanglement. In the following, we concentrate on the evolution of the atomic entropy against time to obtain the DEM. According to the von Neumann entropy, as an entanglement criterion, the entropy of the atom and the field are defined through the corresponding reduced density operator by
whereρ A(F ) (t) is the reduced density matrix of the atom (field). Following the procedure of [23, 25] , we can express the entropy of the field/atom by the following relation [41] 
where ζ j , the eigenvalues of the reduced atomic density matrix, are given by Cardano's method as [42] 
with 
where the parameter ξ 1 is precisely equal to −1 and the matrix elements have been introduced in equation (21) . The relation (24) displays the variation of the field (atomic) entropy versus time. By this equation the DEM between the atom and field is also measured, i.e., the subsystems are disentangled if the DEM in equation (24) tends to zero. Our presented results in figure ? ? indicate the time evolution of the field entropy against the scaled time τ for different chosen parameters similar to figure ? ?, where the left (right) plots refer to the similar (different) atom-field couplings regime. Figure ? ?(a) shows that in the resonance case and in the absence of Kerr nonlinearities, the DEM has a random behavior.
Considering both left and right plots of this figure, it is seen that the amount of DEM is reduced when γ = 2 (the right plot). In figure ? ?(b), the influence of the detuning parameters is examined. Due to the presence of these parameters, the DEM between subsystems is diminished, while changing the ratio of couplings can lead to an increase of the amount of entanglement. In figure ? ?(c) in which the effect of Kerr medium is considered, the DEM is strongly descended (left plot). By setting γ = 2, the amount of this quantity is considerably ascended when the time proceeds. Figure ? ?(d) demonstrates simultaneously the effects of Kerr medium and detuning parameters in the presence of Kerr nonlinearities. This plot shows that the detuning causes an increase of the DEM. Although, replacing γ = 1 by γ = 2 reduces the amount of entanglement.
We end this section with mentioning that, the existence of nonlinearities (Kerr medium and detuning parameters) diminishes the amount of entanglement (in the similar coupling constants). Also, it can be stated that in the presence of Kerr medium, entanglement between subsystems is obviously destroyed. It should be mentioned that, changing the ratio of atom-field couplings possesses remarkable role on the amount of the DEM. In detail, in the presence/absence of all nonlinearities the DEM is decreased while in the presence of either detuning parameters or Kerr medium, the amount of entanglement is increased.
Linear entropy and coherence loss
Idempotency defect, a simple and direct measure of the degree of mixture of the state of a system, is a useful quantity to understand the degree of decoherence (coherence loss) [27, 43] . This quantity, which can be regarded as the lowest order approximation to the von Neumann entropy, is a good criterion to understand the purity loss of the quantum system. This parameter which is measured by the linear entropy has been introduced as [44] 
whereρ A (t) is the atomic density operator. The latter relation indicates that, the linear entropy is zero for a pure state, i.e.,ρ A (t) =ρ 2 A (t). Consequently, the nonzero values of this indicator show the non-purity of the state of the system. Also, it may be noted that, maximally entanglement as well as the most mixed state is appeared whenever idempotency defect gets the value 1.
In figure ? ? we have plotted the idempotency defect, from which the coherence loss is studied, in terms of scaled time τ for different chosen parameters assumed in figure ? ?. In plotting this figure, the left (right) plots again correspond to the case γ = 1 (γ = 2). The left plots of figures ??(a) and ??(b) indicate that, the detuning parameters reduces the coherence, when the Kerr medium is disregarded. Figure ? ?(c) studies the effect of Kerr medium. In this case, it is seen that the degree of mixture of the state is rapidly attenuated. Entering the detuning parameters leads to an increase in the amount of this quantity (left plots of figure ??(d) ). It is valuable to pay attention to the right plots of this figure. From figure ? ?(c) (??(d)) it is observed that, coherence loss can be increased (decreased) when the ratio of coupling constants gets the value 2 (γ = 2). By considering the presented results depicted in figure ? ?, one can deduce that coherence loss is attenuated due to nonlinear couplers. Also, in the presence of Kerr medium, selecting different values of coupling constants may enhance the decoherence.
Entropic uncertainty relations and entropy squeezing
This section is devoted to the study of two types of nonclassicality features by using the numberphase and position-momentum entropic uncertainty relations. So, two kinds of entropy squeezing parameters are introduced and in each case, the squeezing condition of the state vector of the whole system is investigated.
Number-phase entropic uncertainty relation and entropy squeezing
As is well-known, studying the dynamics of the phase distribution of the photons of the field can be thought of as an analysis of the variation of the phase relation between atom and photons [45] . Recently, quantum phase distribution and squeezing phenomenon in number/phase operators of various physical systems with known discrete spectrum e n [46] have been reported by one of us in [47] . Also, the number-phase entropic uncertainty relation and the number-phase Wigner function of generalized coherent states associated with some solvable quantum systems which posses non-degenerate spectra are investigated [48] . Now, we are going to examine the 'entropy squeezing' for considered tripartite system in terms of entropies of number and phase operators. Over the years, many attempts such as Dirac [49] (the earliest endeavor), Susskind-Glogower [50] and Pegg-Barnett [51] approaches have been performed to introduce a formalism for describing the quantum phase. Altogether, defining a uniquely acceptable phase operator for the electromagnetic field is still an appealing and of course open problem in quantum mechanics [52] . However, since the formalism of Pegg and Barnett by introducing a Hermitian phase operator overcomes some obstacles of the SusskindGlogower phase operator, in this section, the phase properties of the fields are evaluated by using the Pegg-Barnett approach [53] . According to this method, all observables corresponding to the phase properties are defined in an (s + 1)-dimensional space, in which they constitute the eigenvalue equations with (s + 1) eigenstates (orthonormal phase states). Therefore, a complete set of (s + 1) orthonormal phase states (of a single-mode field) is defined by
where {|n } s n=0 are the number states and θ p = θ 0 + 2πp s+1
, p = 0, 1, ..., s, with the arbitrary value θ 0 . Note that in the calculations, the parameter s tends finally to infinity. Since we are dealing with the two modes in the present atom-field interaction, it is necessary to extend the definition of orthonormal phase states. Accordingly, we propose the two-mode phase state |θ p , θ q which should be necessarily introduced as
and θ 0 is an arbitrary value. By the way, we are able to define the two-mode Pegg-Barnett phase distribution function
By inserting the relation (29) into equation (31) and paying attention to the state vector of the whole system proposed in equation (13), in which all of its time-dependent coefficients have been exactly obtained, for the phase distribution function associated with the two modes of the cavity fields we arrive at
On the other hand, based on the Shannon's idea [54] which is related to classical information theory and following the path of [51] , one may define the (Shannon) entropies associated with the number and phase probability distribution by the following relations:
where P n (n 1 , n 2 ) = n 1 , n 2 |ρ F |n 1 , n 2 andρ F is the reduced density operator of the field. It has been shown that the sum of the entropies in equation (33) determines the lower bound of the entropy by the relation R n + R φ ≥ ln 2π. Considering this inequality, we suggest two quantities as follows:
Whenever −1 < E n(φ) (t) < 0, the number (phase) component of the field entropy is squeezed. It is worthwhile to declare that the negative values of E n(φ) (t) is another expression of the fact that R n(φ) (t) is below its minimum value. Figure ? ? shows the time evolution of the phase entropic squeezing as a function of the scaled time τ for chosen parameters as considered in figure ? ?. Also, the upside (downside) plots concern with the similar (different) amount of atom-field couplings. From figure ? ?(a) which corresponds to the resonance condition and no Kerr medium, it is observed that the phase entropic squeezing is appeared until the scaled time gets nearly the value τ = 11. Looking at figure ? ? (b) indicates that in the presence of detuning parameters, the phase entropic squeezing occurs at all time. Figure ? ?(c) which focuses on the influences of Kerr medium shows that, the phase entropic squeezing is pulled down (except in very small interval of time) due to the Kerr medium. Considering both plots of figures ??(c) and ??(d) (studying simultaneously all considered nonlinearities) shows that they are qualitatively the same. So, it may be inferred that detuning parameters have the outstanding role in exhibiting the phase entropic squeezing at all times and strengthen the amount of this nonclassicality feature. Also, fast oscillations can be regarded as a consequence of the presence of the detuning parameters. In addition, it is found that Kerr nonlinearity ruins the phase entropic squeezing.
Position-momentum entropic uncertainty relation and entropy squeezing
Consideringx andp as two observables (quadrature operators of the radiation field), Heisenberg uncertainty principle [55] reads as ∆x∆p ≥ 1/2, where ∆x (∆p) shows the variance of the Hermitian operatorx (p). However, it should be noticed that the variance, which is used to define some quantum-mechanical effects such as quadrature squeezing of quantum fluctuations, is not the only measure of quantum uncertainty, and sometimes the 'entropy' may be preferred instead of the 'variance'. Or lowski [56] has shown that, besides the fact that, the entropic uncertainty relation is stronger than the standard uncertainty relation, the entropy (of the single observable) as well as the variance can be utilized as a measure of squeezing of quantum fluctuations. Taking into account the above explanations and using the Shannon's idea [54] , one may introduce the entropies of position and momentum E x = − P (x) ln P (x)dx and E p = − P (p) ln P (p)dp, where P (x) and P (p) are defined as P (x) = x|ρ f |x and P (p) = p|ρ f |p , respectively. In this case, the sum of the above-mentioned position and momentum entropies leads to the interesting inequality E x + E p ≥ 1 + ln π [56] . This is often called the position-momentum entropic uncertainty relation that has been proven by Beckner [57] for the first time. It is valuable to notice that the entropies of position and momentum corresponding to the standard coherent state (and the vacuum state) are equal to each other, that is,
(1 + ln π) [56] . Using the latter inequality, one can supply an alternative mathematical formulation of the uncertainty principle by the inequality δxδp ≥ πe [48, 58] where δx and δp corresponding to the exponential of Shannon entropies associated with the probability distributions for x and p are given by
In these relations,ρ F is the reduced density operator of the field and its elements may be found as follows
in which
with H m (x) as the Hermite polynomials. Also, as is seen from the relations (36) and (37), we restricted our calculation to the field mode 2. Now, in order to analyze the entropy squeezing properties of the system, we introduce two normalized quantities
When −1 < E x(p) (t) < 0, the position (momentum) or x(p) component of the field entropy is said to be squeezed. Figure ? ? describes the position entropic squeezing for different chosen parameters, as considered in figure ? ? with similar (different) atom-field couplings relating to the left (right) plots. Figure ? ?(a) is plotted for the situation in which no nonlinearity exists. This plot shows that, the position entropic squeezing gets negative values at all times nearly its minimum value (−1). Adding the effect of the detuning parameters ( figure ??(b) ) leads to the maximally position entropic squeezing all the time. Figure ? ?(c) analyzes the effect of Kerr medium. It is observed from the left plot of this figure that, nonclassicality behavior is destroyed in the considerable intervals of time. By changing the ratio of atom-field couplings (γ) in the right one, position entropic squeezing gets minimum value at all times. In figure ? ?(d), where all nonlinearities are considered, it is seen that the nonclassicality behavior is lost when the time goes up. Finally, one can deduce that while the detuning parameters play an important role to strengthen this nonclassical behavior (negativity of position entropic squeezing), the existence of the Kerr medium destroys this nonclassicality indicator. Moreover, changing appropriately the ratio of atom-field couplings may enrich and strengthen the position entropic squeezing.
Summary and concluding remarks
In this paper, we have studied a Λ-type three-level atom interacting with two coupled quantized fields which are simultaneously injected to a bichromatic cavity enclosed by the centrosymmetric Kerr medium in the presence of detuning parameters. Next, considering suitably all existing interactions, such as field-field interaction in the form of parametric down conversion, we have used the canonical transformation to simplify our complicated model to the usual form of the JCM. After obtaining the explicit form of the state vector of the whole system analytically, the effects of Kerr medium and detuning parameters on some of the well-known nonclassicality features have been individually and simultaneously examined. To reach this goal, the dynamics of atomic population inversion and also the time evolution of two different types of entanglement measures consist of von Neumann entropy (to study the tripartite entanglement) and linear entropy or idempotency defect (to discuss the decoherence) have been numerically studied. In addition, by using the number-phase and position-momentum entropic uncertainty relations, two types of entropy squeezing are evaluated. The main results of the paper are listed in what follows.
• Atomic population inversion: It is found that the presence of the detuning parameters leads to more visibility of the atomic population inversion. Adding the Kerr effect implies the fact that the population inversion is ruined. In other words, no population inversion exists when the Kerr effect is considered. It is also worthwhile to mention that the typical collapse and revival exhibition as a nonclassical phenomenon can be observed when the nonlinear couplers are absent.
• Quantum entanglement: It is observed that, the effect of nonlinearities is sharply pulled down the entanglement between the atom and the fields. It should be mentioned that changing the ratio of atom-field couplings (γ) has remarkable role on the amount of the DEM. In detail, in the presence/absence of all nonlinearities the DEM is descended while in the presence of either detuning parameters or Kerr medium, the amount of entanglement is ascended. In addition, oscillatory behavior is a result of the presence of the detuning.
• Coherence loss: It is shown that the coherence loss is attenuated due to nonlinear couplers. Also, in the presence of Kerr effect, selecting appropriate values of coupling constants may improve the decoherence. In this case, entering the detuning parameters results in the reduction of the linear entropy. Looking deeply at the numerical results of linear entropy and comparing them with the ones of von Neumann entropy indicates that, even though the general behavior of both of them are similar, for our system together with the considered conditions the measure of von Neumann entropy is more sensitive than the linear entropy.
• Number-phase entropic squeezing: It is illustrated that, detuning parameters have an effective role in revealing the phase entropic squeezing at all times and strengthen the amount of the negativity of this nonclassicality sign. Also, fast oscillatory can be thought of as a consequence of the detuning parameters. In addition, it is inferred that, the phase entropic squeezing is ruined when the Kerr nonlinearity is considered.
• Position-momentum entropic squeezing: As a consequence of the presence of the detuning parameters, position entropic squeezing is observed at all times, i.e., the time evolution of the related parameter remains always in the negative region and gets the constant value −1. But, this nonclassicality indicator is destroyed when the Kerr effect is present. Moreover, changing the ratio of atom-field couplings may enhance and strengthen the position entropic squeezing.
Finally, we would like to emphasize the generality of our model in the sense that this study can be performed by considering different configurations of three-level atom (Ξ-and V -type configurations) and/or different preparations for the initial states of the atom and/or the fields.
